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1 Introduction

In Beautiful Code, Henry S. Warren, Jr., discusses a population count or sideways sum
algorithm, which “calculates the number of bits in a computer word that are 1.”[2] The
problem of finding the number of set bits in a binary value has a number of applica-
tions, apparently, although I have never seen it except in answering Google interview
questions. (Representing a set of elements as a bit string, with the bit corresponding to
an element set to 1 if the element is present in the set, is fairly common. However, 1
have never had to count the number of elements in the set.)

Warren describes several ways of computing the count, from a couple of simple
iterations over the bits of the value (in this case, one C int of 32-bits) to a table lookup
(see Figure 1), and finally to a couple non-trivial bit-manipulation schemes (see Fig-
ure 2). The fourth algorithm is the subject of this note.

The first algorithm should be clear enough, to anyone who is familiar with bit-wise
Boolean operations. The second a little less so, since it relies on some C-isms (some
simple profiling shows this version to be uninteresting, since it is not terribly faster
than the first and is less clear). The third should be tolerably clear as an extension of
the first—rather than counting one bit at a time, count n. But the final three are not
obviously even related to the problem, and the analysis of why they work as presented
by Warren did not help me. To see the beauty of them, I had to go through the steps
presented in this note.

2 Divide and conquer: pop4

Parallel algorithms are usually associated with multiple CPUs, threads, and (at least
for me) message passing. In this parallel algorithm, however, the operations can be
performed on smaller bit-fields of the value simultaneously, in a single-instruction,
multiple-data (SIMD) manner.

As a first step, notice that by dividing a 32-bit word into 32 individual-bit fields,
each bit field is self-counting. If a bit is set, then that bit field contains 1; if the bit is
not set, then that bit field contains O.



unsigned unsigned static unsigned char table[16] = {

popl (unsigned x) pop2 (unsigned x) 0, /x 0 */ 1, /%1 =/
{ { 1, /* 2 %/ 2, /% 3 %/
< unsigned pop = 0; unsigned pop = 0; .
unsigned sz = sizeof (unsigned) *8; while (x) { 2 /xc x/ 3, /+ d x/
int i = 0; pop +t= (x & 1); 3, /x e x/ 4, /x £ %/
for (1 = 0; i < sz; ++i) { x >>=1; b
if (x & 1) ++pop; } unsigned
x >>= 1; return pop; pop3 (unsigned x)
} } {
return pop; unsigned sz = sizeof (unsigned)*8;
} unsigned pop = 0;
int i = 0;
for (i = 0; i < sz; 1 +=4) {

pop += table[(x >> i) & 0xf];
}

return pop;

Figure 1: Three simple bit counts. popl and pop2 iterate over each bit in the value,
counting those that are set. pop3 uses a four-bit lookup table, a direct and simple
optimization of the first method.

unsigned unsigned unsigned
pop4 (unsigned x) pop5 (unsigned x) pop6 (unsigned x)
{ { {
x = (x & 0x55555555) x = x - ((x > 1) & 0x55555555); unsigned n;
+ ((x >> 1) & 0x55555555); x = (x & 0x33333333) n = (x > 1) & 033333333333;
x = (x & 0x33333333) + ((x >> 2) & 0x33333333); x —=n;
+ ((x >> 2) & 0x33333333); x = (x + (x > 4)) & 0xO£0£0£0f; n = (n>> 1) & 033333333333;
x = (x & 0x0£0£0£0f) x = x + (x> 8); x -= n;
+ ((x >> 4) & 0x0£0£0£0f); x = x + (x > 16); x = (x + (x >> 3)) & 030707070707;
x = (x & 0x00££00£f) return (x & O0x3f); return (x % 63);
+ ((x >> 8) & 0x00££00£f); } )

X (x & 0x0000ffff)

+ ((x >> 16) & 0x0000ffff);
return x;

Figure 2: Three complex bit counts. pop4 is a divide-and-conquer algorithm, and pop5
is the same algorithm with unnecessary operations removed. pop6 is a 32-bit version
of a 3-bit field algorithm from Item 169 of HAKMEM[ I].



The second step is to expand the size of the bit fields from one to two, producing a
sequence of two-bit fields each containing the number of bits set in the corresponding
two-bit field of the original value.

For this analysis, I am going to reduce the number of bits from 32 to 8, and show
the original value thus:

x = abcdefgh,

Each bit in the value is represented by a letter from a to A, and the subscript 2
indicates that the value is in binary: each letter represents one bit.

Looking at the first two bits of the value, ab, what we want to happen after the first
step is for the corresponding bits of the new value to be the number of a and b that are
set; 0, 1, or 2. The first statement of pop4 makes this happen:

abcdefgh,, Oabcdefg, | x and x right shifted by 1
& 010101014 010101015 | 556
0b0d0fOh, +  0a0c0eOg., ‘

Because of the way binary addition works, the final sum produces the following
sequence of two-bit fields:

x o(b+a) o(d+c) o (f+e) 2(h+g)

kimnopqr,

The notation “,,(b)” indicates a bit field of width n containing b. In the final value,
the bits kl equal 2 ({b+a), and so on.

The next step of the algorithm should add two sequential two-bit fields to produce
a sequence of four-bit fields. The next statement performs this step:

kimnopqr, 00klmnop, | x and x right shifted by 2 bits
& 001100115 001100112 | 3316
00mn00qry, +  00kIOOop,, ‘

The final sum produces the following sequence of four-bit fields:

x = 4(mn+kl) 4(qr+op)

= 4{ o{d+O)+ o(b+a)) 4 2 (h+g)+ 2(f+e))
= SIUVWXYZq

The final step of the 8-bit version of the algorithm combines the two four-bit fields
into a single eight-bit field containing the total number of 1 bits in the original value.

StUVWXYZ, 0000stuv, | x and x right shifted by 4 bits
& 000011114 000011115 | Of4
0000wxyz, +  0000stuvy ‘




The final sum produces the final value:

x = s (wxyz+stuv)
= s( a(gr+op)+ s(mn+kl))

= g{a(2(h+g)+ 2(f+e))+ 4( 2(d+c)+ 2(b+a)))
= h+g+f+e+d+c+b+a

3 Reversing bits: revl

The order of the bits in the final sum above is based on the operations specified by the
algorithm, and does have one happy benefit: it leads to an algorithm for reversing the
bits in a word.

Start with an original value of x:

x = abcdefgh,

Right shift x by one and bit-wise AND it with the pattern of alternating zeros and
ones; left shift x by one and AND that with the other pattern of alternating ones and
zeros, then finally combine the two values using a bit-wise OR:

Oabcdefg, bedefghO, | x right and left shifted by 1
& 01010101, 101010105 | 5516 and aaq¢
0a0c0eOg, |  b0dOfORO, | bit-wise OR

The result is:
x = badcfehg,

Repeat the steps above, shifting by two and using altered patterns:

00badcfe, dcfehg00,, | x right and left shifted by 2
& 00110011, 110011005 | 3316 and ccig
00ba00fe, |  dcO0hg00, | bit-wise OR
The product is:
x = dcbahgfe,

Finally, shift by four:

0000dcbas hgfe0000, | x right and left shifted by 4
& 00001111, 111100005 | Of,4 and f0,
0000dcbas |  hgfe0000, ‘ bit-wise OR; previous ANDs unneeded

Resulting in:
x = hgfedcba,

The 32-bit version of the algorithm is shown in Figure 3. The bit-wise ANDs in the
final step are unnecessary, since the shift will shift zeros as appropriate, but are retained
here to make the function prettier. I should probably look up HAKMEM to find if it
has a better bit-reversal algorithm.



unsigned
revl (unsigned x)

{

X = ((x > 1) & 0x55555555) | ((x << 1) & Oxaaaaaaaa);
X = ((x >> 2) & 0x33333333) | ((x << 2) & 0Oxccccccce);
X = ((x >> 4) & 0x0f0f0f0f) | ((x << 4) & 0xf0f0f0f0);
X = ((x > 8) & 0x00ff00ff) | ((x << 8) & Oxff00ff00);
b:4 ((x > 16) & O0x0000ffff) | ((x << 16) & OxEffff0000);

4

return x;

Figure 3: 32-bit bit reversal function.
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